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Note: R denotes the field of real numbers.

1. Let Myy2(R) be the real vector space consisting of all 2 x 2 real matrices, and let
W, = {{Z _Z] € May2(R) : a,b,c€ ]R} .

(a) (8 points) Prove that W; is a subspace of Maxa(R).

(b) (12 points) Let Wy = {[_2 z} € Myyo(R) : a,b,c€ R}, which is also a sub-

space of Mayz(R). What are the dimensions of W, + W, and W1 N Wo? Justify

your answers.

2. Let P3(R) be the real vector space consisting of all polynomials of degree at most 3
with real coefficients, and let 7: P3(R) — P3(R) be the map defined by

T(f)y=2f-3f
for f € P3(R). Here f’ denotes the derivative of f.
(a) (8 points) Prove that T is a linear transformation.
(b) (12 points) Let 8 = {1,z + 1,z% #® — 1}, which is an ordered basis for P3(R).
Find the matrix representation [T]g of T in £.
3. Let {u,v,w} be a basis for R®. Suppose that T': R* — R? is a linear transformation
such that T'(uv) = 5u — 3w, T(v) = Tu + 4v + 14w, and T'(w) = u + w.
(a) (10 points) Find all eigenvalues of T'.
(b) (10 points) Is T diagonalizable? Justify your answer.
4. Let n be a positive integer, and let V be an n-dimensional complex inner product
space. For all v,w € V, the inner product of v and w is denoted by (v,w).
(a) (10 points) Suppose that {u1,...,u,} is an orthonormal basis for V.. Prove that
foreveryv eV, v = Z(%%‘)W-
i=1

(b) (10 points) Let T be a self-adjoint operator on V. Prove that every eigenvalue
of T is a real number.

5. (20 points) Let A be the real matrix

3 -1 3
1 1 2
0o 0 2

Find an invertible 3 x 3 real matrix P such that P~'AP is in Jordan canonical form.
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